
Nonlinear superposition formulae of the Ito equation and a model equation for shallow water

waves

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1991 J. Phys. A: Math. Gen. 24 1979

(http://iopscience.iop.org/0305-4470/24/9/010)

Download details:

IP Address: 129.252.86.83

The article was downloaded on 01/06/2010 at 14:13

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/24/9
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


J. Phys. A: Math. Gen. 24 (1991) 1979-1986. hin ted  i n  the UK 

Nonlinear superposition formulae of the Ito equation and a 
model equation for shallow water waves 

v:".. n:"- "..+ ""A "̂ ".. r :+ 
,."L&-"LLLu 1," 1 Llll" 1 U"6 LIL+ 

7 Computing Center of Academia Sinica, Beijing, People's Republic of China 
$Department of Applied Mathematics, Tongji University, Shanghai, People's Republic of 
China 

Received 25 September 1990 

Abstract. In this paper. nnnlinear superposition formulae of the Ito equation and a model 
equation for shallow water waves are proved under certain conditions. Same particular 
solutions of the It0 equation are obtained as an illustrative application of the obtained 
nonlinear superposition formula. 

1. Introduction 

As is well known, it is difficult to find particular solutions of a nonlinear differential 
equation in mathematics and physics. It is also difficult to find out another solution 
from a given solution of such an equation. However, recent research suggests that a 
new solution can usually be obtained from a given solution of an equation if the 
so-called Backlund transformation (ET) for the equation is found. Furthermore, if a 
nonlinear superposition formula of a BT for a nonlinear differential equation is derived, 
we can transform the problem of seeking exact solutions of the equation into purely 
algebraic operations. In general, we can derive a nonlinear superposition formula from 
the commutability of the BT. Unfortunately, a rigorous proof of the commutability of 
the BT for a general nonlinear evolution equation is lacking [ l ,  21. Therefore, it is 
necessary to prove a nonlinear superposition formula directly. Until now, some progress 
has been made in this fieid. To our knowiedge, the main resuits on biiinear operator 
equations are as follows. In 1978, Hirota and Satsuma obtained nonlinear superposition 
formulae of Kdv, Mmv. SG, etc, in bilinear form [3]. Since 1979, Nakamura has proved 
nonlinear superposition formulae of BO [4J, cKdv 151, M M K d v  [6] and K P  [7], respec- 
tively. During recent years, we have proved nonlinear superposition formulae of a 
model equation for shallow water waves 181, a fifth- and seventh-order K d v  equation 
[9,10], DJKM equation [ I l l ,  Kdv, MKdv, MMKdv hierarchies [12] and Boussinesq 
hierarchies [ 131. It is worth noticing that the nonlinear superposition formulae of the 
above-mentioned equations possess a unified and simple structure, 

foft2= k(Dx + A I - A d f i  .fi (1) 
where A ,  and A2 are parameters related to solutions fo, J , ,  f2 and the BT, and the 
bilinear operator D,"DY is defined by 1141 

In this paper, we consider the Ito equation and a model equation for shallow water 
waves and obtain a nonlinear superposition formula which is different from ( I ) .  The 
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contents are arranged as follows. In section 2, a nonlinear superposition fomula of 
the Ito equation is proved under certain conditions. By using the nonlinear superposi- 
tion formula, some particular solutions of the Ito equation are obtaiued in section 3. 
In section 4, we similarly present a nonlinear superposition formula of a model equation 
for shallow water waves. Finally, we list some bilinear operator identities in the 
appendix which are used in this paper. 

Xing-Biao Hu and Yong Li 

2. Nonlinear Superposition formula of the lto equation 

The Ito equation reads [15] 

Through the dependent variable transform U =2(lnf),, (2) becomes 
D , ( D , + D : ) ~ . ~ = o .  

U,, + U,, + 3( 2u,u, + uu,,) + 3% U, dx' = 0. II, 
Concerning (21, some work has been done. Hirota gave a two-parameter BT for the 
Ita (2) [15]. We generalized Hirota's result and presented the following BT with three 
parameters [ 161: 

( D ,  + 3y2Dx - 3 y D :  + D: - A ) f f '  = 0 (30 )  
(D ,D, -pcD, -yD,+~~~l f . f '=o  (36) 

where A, p and y are arbitrary constants. Jimbo and Miwa have pointed out that the 
Ito equation is related to Kac-Moody algebra Di2) 1171. In this section, we are going 
to give a nonlinear superposition formula of the Ito equation. In the following 
"IJL,"IIIVLI, w c  JCL I-" - U  111 IJ, ,,, ,U, LllC "I CULI"C,,,SILCC. 111 L,,,S Gab=, ,>, 
becomes 
A:",.,."":.... ..,~ ""* -,-, - n  :.. __ ,,\ F.... .La ^^I.^ -c ---.. 1- .L:- ..__ I*\ 

( D, + ~ : ) f . f '  = o ( 3 4  
(OXO, - p D , ) f f ' =  0. (3b') 

Letf, be a solution of the Ito equation (2), fo # 0. Suppose thatf; ( i  = 1 , 2 )  is a solution 
of (2) which is related by fo under LIT (3') to p,, i.e. fo % f; ( i  = 1,2), and that fi2 is 
defined by 

From these assumptions, we deduce that 
D x f o . f 1 2 =  Qfi . f 2  (where k is a non-zero constant). (4) 

0 = [( D x Q  - P ,  Rlfo ' f i l f 2  - [ ( D x D c  - 1 ~ 2 D x l f o  . f 2 l f 1  

(ALA21  
= -fo,D,f,fi.f2-f0,D~f,.f2+~foI(Dxfi.f~),+(D,fi.f2)rI 

- ( r ,  -P21f,"fif2+ffo1(PLI + L L 2 ) D x f i  . f 2 +  ( P ,  - P 2 ) ( f i f 2 ) x I  

(4) 1 1 
=foo,[-D,fi .f2 - (pi - ~ J f i  f 2 1  -,h,Dxf . f 1 2  + ,h(Dxfo . f i 2 ) 1  
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which implies that 

which imp!ies !hit 
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which implies that 

3k 
Defn .fi2 + 4D:fo .fi2 +T 0% .f2 = c2( t)fi 

DJi .f+ ( P I  - ~ 2 l f i f 2  +i Drfn ‘ f i 2 - g  (PI + ~ 2 l f n f 1 2 =  0 

D c f o . f i 2 + W z f o . f i 2 + q  D:fi .f2=0. (7’) 

(7) 

where c2(f) is some function of 1. Here and in the following, we assume that there 
exists a f i2  determined by (4) such that c , ( f ) = O  in ( 5 )  and c2(f) = O  in (7), i.e. 

1 1 
( 5 ’ )  

3k 

Now we can show that the correspondingfi2 is a new solution of (2) which is related 
to f, and fi under BT (3’ ) .  In fact, we have 

-Qifn-  -[(DxDr -~2Dr)fi ‘ f i 2 I . h  

= [(DxDt + ~ i & l f i  .fnlfi2-l(DD, -1*2Dxlf i  .fi2lh 
( A I . A 2 )  

= - f i , ~ , f n . f 1 2 - f i , D x f . f i 2 + ~ f ~ f i [ ( D x f o . f i 2 ) ,  + (Drf.fidx1 

+(pi + ~ 2 ) f i f n f i i - f f i [ ( ~ 1  - ~ 2 l D ~ f n . f i 2 +  (PI + ~ ~ J ( f f i 2 ) x l  

(4) k 
=f i , [ -Dh . f i2+  ( P I  + ~ 2 l f o f i i l -  kft,Dxfi .f2+,fi(Dxfi . f ) r  

k 
2 -- ( P I  - pil.6 Rfi . f 2  + kfil Drf . f i z  - ( P I  + ~ 2 l f u f i 2 1 x  

= f i .  l-D& .fa2 + ( + a  + ~Jfofii - kD,fi .f2 - k(Pi - ~ 2 ) f i  f 2 1  

+&fi[Drf.fi2-(pi + ~ 2 l f o f 1 2 +  kD& .h+ k(PI - ~ 2 l f i f 2 1 ~  

IS) 
= 0. 

Thus Q, = 0, i.e (DID, - p2Dx)f ,  .fi2 = 0. Similarly, we can show that (D,D, - 
pLIDX)f2.fi2=0. Besides, we have 

- 0 2 . h -  -[(D,+ D:lfi . f i 2 l f o  
= [ (D ,  + D:lfi . fo l fk[ (Dr  + D:lfi . f i 2 l f o  

( A I .  A41 
= -ft Dzfn . f i 2  - 3fi,.DXf0 .fi2 + 3fi I ( DJo . f12)~ 

-af~fi[D:fo.f,2+3(D,fn’fi~)~~I 
(4 )  
=-f~(D,f.fi2+aD:fo.f,2)-3kf,,~D,fi ‘ f 2  

3k 
+ 3kfiX ( DJi . f2 ) ,  -4fi (Dxfi ‘ f2)xx  

= -fl( D,fo.fi2+aD:fo.fi2+q 3k 0% . f 2 )  

= O  
(TI 

which implies that 

~ ~ = ( ~ , + ~ : ) f , . f ~ ~ = 0 .  
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Similarly, we can show that Q2 = (D, + D:)f2.fi2 = 0. Therefore, fi2 is a new solution 
of (2). 

3. Particular solutions of the Ito equation 

In this section we are going to derive some exact solutions of the Ito equation from 
BT (3’) and the nonlinear superposition formula (4). We seek particular solutions of 
the Ito equation according to the following steps. First, choose a given solution fo of 
(2). Secondly, from BT (3’) we find out f, and f 2  such that f O L + f ;  ( i = 1 , 2 )  and, 
further, get a particular solution from (4). Then a general solution of (4) is 
f12=  c(f)f0+fi2 (where c ( f )  is an arbitrary function of 1) .  Finally we substitutef,, into 
(5) and (7). If c ( t )  can be determined such that c , ( f ) =  c 2 ( f ) = 0 ,  the correspondingfI2 
is a new solution of the Ito equation (2). In what follows, we give four illustrative 
examples. 

(i) Choose fo= 1 .  It is easily verified that 

Thereforef,, = ( k :  - k : ) / ( k : +  k:)  -e”‘ +en,-( k,  - k 2 ) / ( k l +  k 2 )  e71+nz is a solution 
of the Ito equation (21, where qi = -k(x + k j f  + 7: and k,, 7: are constants ( i  = 1 ,2 ) .  

(ii) It is easily verified that 

1 - 1 - x 2 +  

Y- Y 1 +e” 

Therefore f i2=-1-x2+[(4/k)x+1+x2+4/k2]en is asolutionofthe Itoequation 

(iii) It is easily verified that 
(2), where TJ = - k x + k 3 f + q o  and k, TJ’ are constants. 

Thereforef,,= - 2 / k ’ -  f + i x 3 + [  f -kx3-  ( l / k ) x 2 +  ( 2 / k 2 ) x  -2/ k 3 ]  en is a solution 

(iv) It is easily verified that 
of the Ito equation (2), where q = -kx+ k’f + qo and k, qo are constants. 

2 
k3  
- x + f X  + h.4 

1 - X  
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Therefore fx + A x 4 ,  - x  + ( 2 / k )  en + x  en and ( 2 / k 3 ) x +  rx+hx4+ [ ( 2 / k ) f  + x f  + 
& x 4 + ( 2 / 3 k ) x 3 + ( 2 / k 2 ) x 2 + ( 2 / k 3 ) ~ 1  en are solutions of the Ito equation(2), where 
7 = -kx+ k3f+ 7' and k, 7' are constants. 

4. Nonlinear superposition formula of a model equation for shallow water waves 

The so-called model equation for shallow water waves is [14, 181 

DJD, - D,D:+ ~,)f.f= 0. (8) 
Hirota has given a two-parameter BT for (8) [14] .  We presented the following three- 
parameter BT for (8) in [16] 

where A, p and y are arbitrary constants. It is noticed that (8) is different from another 
model equation for shallow water waves [IS, 141: 

(10) &[Ox( D, -$D,D:+ Dx)f .f]. f -fD,(D:f.f) .fZ = 0. 

In [SI we have presented a nonlinear superposition formula of (IO). In this section, 
we shall also present a nonlinear superposition formula of (8). For the sake of 
convenience in calculation, we set p = y = 0 in BT (9). In this case, (9) becomes 

(0: -ox+ ~ ) f . f ' =  o 
(9') 

!x %,ha! Fo!!nws, !etf, be a sc!u!ion of ( S ) , f 0  z 0. Szppose !ha!: ( i  = I ,  2) is B so!-!ion 

( 3 0 , Q  - I ) f . f '=O.  

of (8) which is related by fo under BT (9') with A,, i.e. fo Lf; ( i  = 1,2), and that fi2 

is defined by 

D x f o . f i 2 = k D x f i . f 2  (where k is a non-zero constant). (11) 

Thus, similar to the calculations in section 2 ,  we can deduce respectively that 

(12) 

(13)  

1 
D,fi ' f 2  + Drfo . A 2  = C I  (llfO2 

3 
- D,fi .fz + aD:fi ' f 2  + ( A i  - A i l f i f z  + 0% .fii = 0 

from 

[ (3  D$r - 1 I f  .fil.L - [ (3  QDr - 1 I f  .flfi = 0 

[(D: - 0, + A  I I f o  .fi I f 2  - I( 0: - 0, + A 2 l . h  . f 2 I f i  = 0 

[ (D:  - D x  + A  I If" . f i l x f 2  - [( 0: - 0, + A &  . f 2 I x f i  = 0 
where q ( t )  and c 2 ( f )  in (12) and ( 1 4 )  are some functions of f. Furthermore, if we 
assume that there exists an f i 2  determined by (11) such that c l ( f ) =  c , ( f ) = O ,  we can 
show that the corresponding fi2 is a new solution of (8) which is related to f, and f2 
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under BT (9'). Similarly, we can also obtain some particular solutions of (8) by the use 
of the above result. 
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Appendix 

The following bilinear operator identities hold for arbitrary functions a, 6, c and d :  

(DxD,a. b jc - (U,D,a. c j b 

= -a,D,b. c-a,D,b . c+&[(D,b .  c ) ,  + (D ,b  . c ) , ]  (AI) 

k,( D,a. b )c  - k2( Dxa. c )  b 

= ( k l  - k,)a,bc -fa[(k, + kJD,b.  C +  (k, - k,)(bc),] (A21 

(A31 (D,a .  b)c - ( D p .  c)b  = -aD,b c 

(D:a. b)c - (D:n ,  c )b  

= -3a,D,b. c+3a,(Dxb c) , -&[D:b .  c+3(Dxb .  c ) ~ ~ ]  (A41 

(D,a .  b) ,c-(D,a.c) ,b  

= a,D,b. c-a,D,b. c - f a [ ( D , b .  c ) ,  + ( D , b .  c ) , ]  (A51 

( 0 : ~ .  b),c - (D:a .  c),b 

= -2a,D,b. c +&z,[D:b. c + 3(Dxb.  c) , ]  

-fa[( D:b .  c),+( D,b. c ) , ] .  
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